], [arXiv:1812.00811 [hep-th]], the partition function of the Gross-Witten-Wadia unitary matrix model with the logarithmic term has been identified with the τ function of a certain Painlevé system, and the double scaling limit of the associated discrete Painlevé equation to the critical point provides us with the Painlevé II equation. This limit captures the critical behavior of the su(2), N f = 2 N = 2 supersymmetric gauge theory around its Argyres-Douglas 4D superconformal point. Here, we consider further extension of the model that contains the k-th multicritical point and that is to be identified withÂ 2k,2k theory. In the k = 2 case, we derive a system of two ODEs for the scaling functions to the free energy, the time variable being the scaled total mass and make a consistency check on the spectral curve on this matrix model. *
Introduction
In two of the recent publications [1, 2, 3] , we pointed out that the double scaling limit [4, 5, 6] of the zero-dimensional matrix model that was originally introduced long time ago in the context of two dimensional gravity can be successfully exploited to derive the scaling theory in the vicinity of the critical point of Argyres-Douglas type [7, 8, 9, 10] in N = 2 supersymmetric gauge theory. In order to demonstrate this claim, we chose the su (2) , N f = 2 case that contains the simplest critical point and whose matrix model realization is associated with the β = 1 irregular conformal block [11, 12, 13, 14, 15, 16, 17, 18, 19] , which can be obtained from 2d conformal block by [20, 21, 22] the limiting procedure [14] 1 . We showed that, in the formulation by the method of orthogonal polynomials [24, 25, 26, 27, 28, 29] , this model itself is exhibited as a certain discrete Painlevé system [30, 31, 32] , the partition function being the τ function of the (continuous) Painlevé equation [33] . (The connection between the partition function of the matrix models and the τ function of certain integrable hierarchy is well known, see for example, [34, 35] .)
An interesting historical twist is that, while we will not repeat our derivation here, this matrix model turns out to be a unitary (rather than hermitian) matrix model of Gross-Witten-Wadia type [36, 37, 38, 39] augmented by the logarithmic term, namely, the case known not to describe gravitationally dressed unitary 2d conformal matter field. We have managed to keep the integer coefficient parameter M of the logarithmic term to survive the double scaling limit and derived the Painlevé II equation (with this parameter 2 ) for the scaling function of the free energy and its t(time) derivatives [1, 2, 3] . Here t and M are the scaling variables associated respectively with the sum and the difference of the two mass parameters.
One of the next several directions of the research that follows from these developments is to further extend the model to include the series of multicritical points, which we consider in what follows. In the next section, we consider a general single trace symmetric unitary matrix model that contains polynomials up to order k and the inverse and recall its formulation by the orthogonal polynomial. We show that the k-th multicritical point is to be identified with the AD point ofÂ 2k,2k [17] gauge theory from the spectral curve. In section three, we consider the double scaling limit of the model in the k = 2 case and derive a system of two 1 See also [23] . 2 For the Painlevé II equation without this parameter, see [40, 41] . scaled spectral curve for k = 2 is a mass deformed spectral curve toward the (A 1 , A 7 ) AD point.
Unitary matrix model and its critical behavior
Let us consider the unitary matrix model
where N is the size of the unitary matrix, ∆(z) is the Vandermonde determinant ∆(z) =
Here, g s is dimensionless parameter related to the dynamical scale Λ forÂ 2k,2k theory by g s := g s /Λ 3 , where g s is related to the omega background parameters ǫ 1,2 as g 2 s = −ǫ 1 ǫ 2 , (ǫ 2 = −ǫ 1 ). We assume that M is an integer. Note that, up to normalization of the partition function, we can always set the coupling constants t k and t −k to be identical by the rescaling of the eigenvalues of unitary matrix. Though the integral contour is also rescaled under this rescaling, it can be deformed to the unit circle since the integrand of eq.(2.1) has no branch cuts. We thus regard t −k = t k in this paper.
The relevance of the potential of this type toÂ 2k,2k theory has been discussed in [17] .
Our previous discussion in [1, 2] tells that the appropriate matrix model is not a hermitian matrix model, but a unitary matrix model. In k = 1 case 4 , the matrix model representing the Nekrasov partition function [43] is defined by the two integration paths [14] . In [1, 2] , we have considered the "generating function" which is defined by a single complex contour and have treated as the unitary matrix model by restricting ourselves to M ∈ Z. We assume that the above setup can be generalized to arbitrary k. We thus regard the matrix model related to theÂ 2k,2k theory as the unitary matrix model.
Orthogonal polynomials, string equations and the k-th multicritical point
To evaluate the partition function (2.1), let us introduce the orthogonal polynomials
where only the zero-th order coefficients are directly related to the partition function. The orthogonality condition reads
5)
where h n are the normalization constants. They are related to R n by
Using this relation (2.6), the partition function (2.1) turns out to be
The orthogonal polynomials (2.4) obey
(2.10)
Using the following identity
we can obtain the recursion relations for R n and D n .
In particular, let us consider the cases (k, ℓ, m) = (−1 , n , n − 1) and (k, ℓ, m) = (0 , n , n). Eq.(2.11) becomes
where S := g s N. Eqs. (2.12) and (2.13) are called the string equation. After solving these equations for R n , the partition function (2.1) is given by eq.(2.7).
Note that there is no contribution for M in the large N limit since eqs.(2.12) and (2.13) depend on M at O(1/N). Moreover, in the large N limit, these equations reduce to the string equation considered in [41] when t −p = t p for p = 1, . . . , k − 1. Thus, as in [41] the critical value of t p and t −p , denoted by t * (k)
.
(2.14)
On this critical point, eq.(2.12) becomes 
The susceptibility γ is equivalent to the no logarithmic case: γ = −1/k.
Spectral curve
Let us see that the critical value (2.14) corresponds with the Argyres-Douglas point ofÂ 2k,2k theory by evaluating the spectral curve. Note that, modulo the problem of integration paths, eq.(2.1) can be rewritten as the hermitian matrix model
where we define S := g s N, t 0 := S − g s M and t ℓ := ℓ t ℓ Λ for ℓ = 0. Then we can compute the spectral curve
where W plk (z) and f pl (z) are
Here, · · · means the expectation value with respect to eq.(2.17). f pl (z) can be written as
21)
where d ℓ is a function of t Then eq.(2.19) becomes 3 The double scaling limit for k = 2 case
In this section, we consider the potential
In order to study the k = 2 multicritical behavior, we should take the double scaling limit of the string equations. To do this, let us write eqs.(2.12) and (2.13) for k = 2
When M = 0 and t 1 = t −1 , eq.(3.3) becomes trivial and eq.(3.2) reduce to the string equation considered in [40, 41] .
To take the double scaling limit, let us define the scaling ansatz as x := n/N, a 5 = 1/N, Sx = 1 − a 4 t and
4)
With these ansatz, the double scaling limit is defined as the a → 0 while keeping κ ≡ a 5
(1 − S) 5/4 , (3.5)
finite. Note that, in this limit, R n+k becomes
where we used
Similarly, D n+k takes
a n k n n! −(1 +ca 4 ) n d n dt n d(t). and have
at O(a 4 ). Here, u = u(t), d = d(t) and
(3.12)
Defining g = d (1) /d, eqs.(3.9) and (3.12) can be written by
Hence, we obtain two differential equations which characterize the partition function of our matrix model in the double scaling limit. Appearance of the two string equations is known in the hermitian matrix model with general potential [42] . We expect that eqs. (3.13) and (3.14) are the unitary matrix model version. If we consider the M = 0, t 1 = t −1 case, D n becomes 1 for all n. Then, eqs.(3.13) and (3.14) reduce to the fourth order differential equation for u(t) obtained in [40, 41] .
The corresponding Argyres-Douglas theory
In this section, we take the same limit in the last section to the spectral curve. For k = 2 case, the spectral curve (2.23) takes the following form:
where c 0 = c 8 = t 2 2 , At the k = 2 multicritical point
the curve (4.1) becomes
at We also define the following scaling ansatz for z, p ±1 and p −2 : Therefore, we can see that the parameterc fixed in the double scaling limit corresponds the relevant parameter in the (A 1 , A 7 ) Argyres-Douglas theory. The coupling constant of logarithmic term M plays the role of the mass parameter in (A 1 , A 7 ) Argyres-Douglas theory.
If we scale also the coupling constants t ±1 from their critical value, we expect that the full parameters in the curve are recovered.
